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Spirals in a model of heterogeneous cardiac tissue
Spiral dynamics in a cardiac electromechanical model with a local electrical
inhomogeneity
Luca Mesin1, a)
Department of Electronics and Telecommunications, Politecnico di Torino, Torino,
Italy.
(Dated: 3 September 2012)
The electro–mechanical coupling in the heart is simulated by a three equation model, describing the electric
potential, the recovery variable and the mechanical deformation, under the active strain hypothesis. The tissue
is anisotropic and electrically inhomogeneous. The generation and dynamics of a spiral wave of excitation is
studied.
PACS numbers: 87.19.Hh 87.19.rj
Keywords: Spiral wave, electromechanical coupling, electrical inhomogeneity.
Joint effect of electrical heterogeneity (e.g. in-
duced by ischemia) and mechanical deforma-
tion is investigated for an anisotropic, quasi–
incompressible model of cardiac electromechan-
ical coupling (EMC) using the active strain ap-
proach and periodic boundary conditions. Under
a specific stimulation protocol, the heterogeneity
is able to induce spirals. The interplay between
the dimension of the electrical inhomogeneity, the
EMC and the mechano-electrical feedback pro-
vided by the stretch activated current determine
the dynamics of the spiral wave of excitation.
I. INTRODUCTION
The contraction of the heart results from the integra-
tion of electrical, mechanical and biochemical processes
at multiple spatial and temporal scales. Propagation of
the action potential depends on coupling between cells,
mediated by gap junctions. Even if such a coupling is
heterogeneous within the myocardial wall28, in healthy
tissue, the action potential propagates in the form of a
traveling pulse as if the medium was homogeneous. On
the other hand, different activation patterns can originate
when some perturbation occurs (at the gene, protein, cell
or tissue scale19). For example, cardiac arrhythmias are
characterized by rotating excitation waves27, which re-
semble spirals occurring in some nonlinear media37. Dif-
ferent mechanisms for initiation of spirals have been pro-
posed, but the most accepted one is related to local het-
erogeneities of the refractory properties of the tissue9,26.
Such electrical inhomogeneities may be induced in the
tissue as gap junctions are remodeled or as ionic con-
centrations are varied after ischemia and infarction29, or
during atrial fibrillation35, or with aging32.
Once elicited, spiral waves of action potential in the
heart may have different dynamics23: stable rotation,
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with possible meandering or drift25; turbulent behavior
(fibrillation)25; extinction2,17. The evolution of spirals
is very important: the onset of turbulence is the main
cause of cardiac depth30 (most common cause of mortal-
ity in the industrialized world). It can arise from different
instabilities. Alternans occur when the durations of suc-
cessive excitation pulses alternate23. The onset of this
instability is the factor that most probably determines
ventricular fibrillation11. It arises if the action potential
duration (APD) restitution curve (relation between APD
and diastolic interval) has a slope larger than one12.
Mathematical simulation may be useful to investigate
the effect of the electrical and mechanical activities of
the hearth on the dynamics of spiral waves in a healthy
cardiac tissue or in the presence of pathological pertur-
bations.
Many simulation studies have been conducted to as-
sess the effect of the electrical coupling between cells on
spiral dynamics. For example, a homogeneous reduction
of cell coupling stabilizes spirals, due to the reduction of
conduction velocity and increase of diastolic interval23,
which flatten the restitution curve. On the other hand,
action potentials propagating on heterogeneous excitable
tissues may have a complicated dynamics5: for example,
transition from a stable plane wave to a spiral to poten-
tial blockage is observed in experiments and simulations
as the degree of heterogeneity of cell coupling increases33.
Simulations investigated also the effect on spiral dy-
namics of the cardiac mechanical activity17,25, which is
strongly coupled to the electrical one4. The contrac-
tion of the heart is controlled by action potentials prop-
agating along the membrane of myocytes and the de-
formation induced on the tissue affects the propagation
of the potential. Moreover, changes in tissue length in-
duce a stretch activated current (SAC) determining a
mechano–electrical feedback (MEF)15. Mechanics have
a strong effect on spirals: their drift or breakup may be
induced17,25.
Usually, mechanical activity is described introducing
an active stress31. Recently, another approach was also
introduced3,20, assuming that electrical potential dictates
the active strain (not stress) of the muscle. This mod-
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elling approach is finding some interesting applications
and may have some advantages over the standard addi-
tive decomposition of the stress due to stability issues17.
The dynamics of spirals on cardiac tissue models was
usually investigated considering homogeneous tissues, or
including heterogeneities, but neglecting mechanics. In
this paper, a two dimensional (2D) anisotropic model of
electromechanical coupling (EMC) is introduced within
the active strain framework, including local electrical in-
homogeneities with different geometries (modelling some
of the features of a tissue affected by ischemia after acute
infarction). Spiral wave generation and dynamics are
studied. A specific stimulation protocol is adopted to ex-
ploit the longer refractory period of the inhomogeneous
tissue to break a wavefront and to induce a spiral. Then,
stimulation is stopped and spiral dynamics is investigated
in relation to the geometry of the inhomogeneity, the
strain of the contracted fibers (considering different con-
traction ratios) and the magnitude of the SAC (simulat-
ing different conductivities of the channels).
II. METHODS
An electro-mechanical model of cardiac tissue with a
local inhomogeneity is subjected to a specific stimulation
protocol which is able to induce a spiral wave (see Figure
1). Specifically, four pulses at constant frequency are
used to get a stable condition; then, a pulse is delivered
with a short delay from the previous one. The interval
between the last two spikes is in between the refractory
periods of the normal tissue and of the inhomogeneity, so
that a traveling pulse is generated, but it is cut by the
inhomogeneity. The dynamics of the spiral generated in
this way is studied in relation to the properties of the
simulated tissue.
The mechanics of the cardiac tissue is usually de-
scribed decomposing the stress into passive and active
components31. Here, a different approach is used7: the
macroscopic excitable-contractile behavior of the tissue
is described as a change in its rest state due to the con-
traction of active fibers.
The model is based on a 2D simulation tool already
proposed in the literature17, but introducing an elec-
tromechanical delay, choosing physiological parameters
and describing an electrical inhomogeneity. Electrical
parameters for the inhomogeneity are chosen to simu-
late some of the main perturbations induced in a tissue
affected by ischemia after an acute infarction: the ex-
citability is reduced with respect to that of a normal
tissue, recovery dynamics is modified to account for a
shortening of the duration of the action potential and for
the increase in the refractory period, and the rest po-
tential is increased to simulate depolarization2. On the
other hand, mechanical properties of the heterogeneous
region are the same as for the normal tissue.
The model complexity is kept to a minimum, consid-
ering simple constitutive assumptions for the tissue and
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FIG. 1. Stimulation protocol and onset of spirals. The stim-
ulation protocol is shown in A) for the first 350 time units,
indicating with small circles the instants of time considered
in B) and C). Example of simulated potential (contour line
plot) corresponding to different time instants (after the last
stimulation, during the onset of the spiral and at the begin-
ning of the second turn). Two cases are considered: B) rigid
tissue with a small circular inhomogeneity, C) deformable tis-
sue with a large circular inhomogeneity (contraction ratio
β = 0.1, conductivity of SACs Gs = 0.1). Grey arrows in
B) and C), left panel, indicate the direction of propagation of
the action potential.
a phenomenological description of the electrical activity,
but representing important phenomena like EMC, MEF
and ADP restitution property, which are expected to af-
fect the dynamics of spiral waves.
A. Mechanical model
Every material point is labeled by its position in a
relaxed configuration at time t = 0. The motion of the
point X is defined by the vectorial map x = x(X, t).
The gradient of this function is the tensor gradient of
deformation:
F = Grad x , Fij =
∂xi
∂Xj
, 1 ≤ i, j ≤ 3 (1)
The visible deformation gradient F is decomposed into
an active (Fo) and a passive (Fe) component
F = FeFo (2)
which is a theoretical decoupling that associates the
micro–scale dynamics (due to the contraction of the my-
ocytes) to the macro–scale continuum mechanics. The
active deformation prescribes the contraction of the my-
ocytes along their own direction n
Fo = 1 + γ(v)n⊗ n, (3)
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FIG. 2. Example of simulated data corresponding to differ-
ent inhomogeneities (with the shape of a small circle A, a
large circle B or an ellipse C), but with constant simulation
parameters (contraction ratio β = 0.1, conductivity of SACs
Gs = 0.15). Contour lines are shown for the potential at time
sample number 200. The propagating front is broken by the
refractory inhomogeneous tissue. Grey arrows in B) and C),
left panel, indicate the direction of propagation of the action
potential.
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FIG. 3. Time evolution of some electrical and mechanical
variables in the center of a small circular inhomogeneity in
cases in which the broken wave is converted into a spiral or
it extinguishes after a single turn. A) Potential, B) recovery
variable, C) stretch activated current, D) component xx of
the Cauchy-Green stress tensor.
where 1 is the identity matrix, ⊗ indicates tensorial prod-
uct and v is the electric potential. The activation func-
tion γ(v) is the convolution of the potential with an ex-
ponential with time constant τ = 10, modeling an elec-
tromechanical delay of about 10 time units and increasing
the time support of the mechanical response with respect
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FIG. 4. Example of processing of simulated data (β =
0.1, Gs = 0.15, small inhomogeneity). The isocline of con-
stant membrane voltage (equal to 0.15) and the line where
the time derivative of the potential vanishes are indicated.
Their intersection is the identified tip of the spiral, indicated
with a circle in A), B) and C). The points belonging to a
wavefront or a waveback are also depicted in A) and B), to-
gether with the flow of the potential in a portion of tissue
around the tip of the spiral (optical flow is estimated by a
multi-image approach using 20 images close in time to the
considered one, which is for T = 290 and T = 300, in A and
B, respectively). The trajectory of the tip of the spiral in the
upper semi-plane is shown in C), together with the boundary
of the inhomogeneity and the potential isoclines. Centers and
area of the cores described by the tip of the spirals for each
turn are shown in D1) and D2), respectively.
to the electrical activation
γ(v) = −β v ∗ u(t) e− tτ , (4)
where u(t) is the step function, ∗ indicates convolution
operator and β is the contraction ratio. The stress tensor
is the derivative of the strain energy of a neo–Hookean
material, assumed to depend on the deformation at the
macro–scale
W (Fe) =
µ
2
(
trFeF
T
e − 2
)
+
α
2
(det F− 1)2, (5)
where the last term penalizes compressibility. Force bal-
ance is written in the reference configuration by a pull-
back14:
Div
(
µJoFF
−1
o F
−T
o + αJ(J − 1)F−T
)
= 0. (6)
The values of the parameters are µ = 2000 and α = 1000.
The mechanical properties are taken homogeneous, re-
gardless of the presence of an electrically inhomogeneous
region.
B. Electrical model
Muscle contraction is induced by a macroscopic electri-
cal signal which is determined by ionic fluxes at a smaller
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length scale controlled by channels with conductivity de-
pending on the transmembrane potential22. The effect
of ionic fluxes on potential v is here represented by a
phenomenological model1 accounting for the restitution
curve, including a fast cubic reaction term and a slow
recovery variable w

∂v
∂t
−Div (F−1DF−TGrad v) =
= −kv(v − α1)(v − 1)− wv − Is(v)− Istim(t)
∂w
∂t
=
(
ε+
µ1w
µ2 + v
)
(−w − kv(v − α2 − 1)) .
(7)
Here D is the diffusion tensor (ratio between fiber con-
ductivity and specific cell membrane capacitance), Is(v)
is the SAC
Is(v) =
{
Gs(Cnn − 1) (v − 1) if Cnn > 1
0 if Cnn ≤ 1 (8)
where Gs is the conductance of SAC channels and Cnn is
the component of the Cauchy-Green stress tensor aligned
to the direction of the fibers. Finally, the function
Istim(t) in equation (7) is the stimulation current, which
is constituted by 4 rectangular pulses (duration 1.5 time
units) with delay 50 units, plus a pulse delayed 25 units
from the last (Figure 1A). Stimulation is provided in the
vertical stripe −10 < X < 10, with a maximum in X = 0
and a linear decrease away from this line. A diagonal
diffusion tensor is considered. Conductivity is 5 times
larger in the direction longitudinal to the fibers than in
the transversal one10 (Dxx = 2, Dyy = 0.4 for normal
tissue). Conductivity of the heterogeneous region is de-
creased of 30% (similar variation are found during the
initial phase of ischemia34).
The values of the parameters in (7) for normal tissue1
are k = 8, α1 = α2 = 0.15, ε = 0.002, µ1 = 0.2, µ2 =
0.3. The inhomogeneous tissue has a shorter action po-
tential with respect to that of a normal tissue (duration
about one half), a reduced excitability (a 25% lower con-
ductivity of Na+ channels is found on ischemic tissue8),
a decreased resting potential8 and an increased refrac-
tory period2. These properties are simulated by increas-
ing the rest potential to the non dimensional value 0.05
and choosing the following values of parameters of the
Aliev-Panfilov model: k = 8, α1 = 0.2, α2 = 0.6, ε =
0.002, µ1 = 0.1, µ2 = 1.2.
The model has dimensionless units, but dimensional
values may be obtained1 by transforming the non–
dimensional potential (varying between 0 and 1) by the
linear map E = 100 v − 80 mV and multiplying the time
unit by 12.9 ms. Assuming that conduction velocity is
0.4 m/s,10 the simulation of a traveling impulse on a
homogeneous tissue indicates that the non–dimensional
space unit corresponds to about 3 mm.
C. Numerical issues
The numerical domain is a square, with side length
100 (about 30 cm, in dimensional units) and centered at
the origin of a Cartesian coordinates system. Periodic
conditions are assumed for both the mechanical and the
electrical problems. The fibers are supposed to be aligned
along the X direction.
The different space and time scales of the mechani-
cal and the electrical problems suggest to introduce dif-
ferent discretization steps (for the mechanical problem
∆xmech = 4, ∆tmech = 1; for the electrical problem
∆xelectr = 1, ∆telectr = 0.04; nevertheless, for mem-
ory saving, electric data are saved with ∆xsaveelectr = 2,
∆tsaveelectr = 2 and such undersampled data are processed
and shown in the following). The mechanical and electri-
cal equations (6) and (??) are decoupled and linearized
for each time step. The finite difference discretization
of the mechanical problem is solved using the Gaussian
elimination Matlab routine optimized for sparse matri-
ces. The electrical problem is solved by a time marching
implicit method (see17 for details).
Two circular and an ellipsoidal local inhomogeneities
are considered in different sets of simulations (including
a smooth transition region with thickness about 4 space
units): the small circular inhomogeneity has a radius of
10 space units and the center is in (X = 15, Y = 0);
the large circular inhomogeneity has radius equal to 20
space units and the center is in (X = 25, Y = 0); the
ellipsoidal inhomogeneity has the shape of an ellipse with
X axis of 10 and Y axis of 20 space units and the center
is in (X = 15, Y = 0) (see Figure 2). The centers of the
inhomogeneities are located in order that the distance
from the center of the domain X = 0 (where the stimulus
is provided) to the nearest border of the inhomogeneities
is constant (equal to 5 space units).
The parameters to be varied in different simulations
are the contraction ratio β (in the range 10−20%)25 and
the conductance Gs of the SAC (range 0− 0.2). Numer-
ical solution is computed till t = 2000 (≈ 26 s).
D. Signal processing
The tip of a spiral is a phase singularity. It is esti-
mated as the intersection point of an isocline of constant
membrane voltage (equal to 0.15) and a line where the
time derivative of the potential vanishes38. In order to
estimate the trajectories of the tips of the spirals, each
point identified for each time sample is associated to the
spiral with closest trajectory (if it is closer than 4 space
units), or a new spiral is originated by points which are
not classified or are too distant from the already com-
puted trajectories. Note that the distance between points
is computed considering periodicity (so that, a spiral ex-
iting from the left/bottom border of the domain enters
from the right/top side).
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In all the simulations, two main trajectories, symmet-
rical with respect to the X axis, are identified, together
with some spurious points which are neglected. Only the
trajectory in the domain y > 0 is considered for further
analysis.
The motion of the tips of simulated spirals is investi-
gated in time intervals during which spirals perform sin-
gle rotations. To identify such intervals, the potential on
the center of the inhomogeneity is considered. Indeed,
the tips of stable spirals have trajectories which develop
inside the inhomogeneity and a front of potential passes
across the center of the inhomogeneity one time for each
rotation. The time locations of local maximal values of
the potential (excluding possible points below a threshold
of 0.7) are used to estimate the time intervals in which
spirals performed single turns of rotation. The mean fre-
quency of spiral rotation is estimated from the mean du-
ration of such time intervals. Moreover, the portion of
trajectory followed by the tip of a spiral during a rota-
tion is interpolated with an ellipse, using the analytical
method of Chaudhuri and Kundu6 (estimating the radius
and the center of a circle) after rescaling the points with
respect to their range. Given the interpolating ellipses
for each rotation of the spiral, interesting parameters are
available to characterize the dynamics: the two axes of
the interpolation ellipses, the perimeter and the area of
the cores of rotating spiral waves and the trajectory of
the center of the cores.
Moreover, wave fronts and wave back are computed.
Voltage maps for each time sample are binarized with
a cutoff value of 50%. Then, subsequent maps are sub-
tracted, obtaining the fronts16. The number of border
points identified by such a procedure is considered as in-
dicative of the complexity of the voltage distribution.
To test if the specific properties of the simulated tissue
have a significant effect on the estimated variables, three-
way analysis of variance (ANOVA) is performed consid-
ering different variables (mean frequency, mean area of
the cores, length of the trajectory of a tip, length of the
trajectory of the cores, mean axes of the interpolation
ellipses, number of points of the fronts) as a function
of the following factors: geometry of the inhomogene-
ity (small circle, large circle, ellipse), contraction ratio
(β) and conductivity of the SAC (Gs). The significance
level is set to p = 0.05 or to p = 0.01 (highly significant).
When ANOVA indicates that a factor affects significantly
a variable, Newman-Keuls post-hoc test is used to make
pairwise comparisons.
III. RESULTS
Figure 1 shows how the stimulation protocol (in 1A)
can determine the onset of spiral waves, in two tissues
with different properties: a rigid tissue with a small cir-
cular inhomogeneity is considered in 1B, a deformable
tissue with a large circular inhomogeneity in 1C. The
stimulation protocol is shown in 1A for the first 300 time
units. The simulated potential is shown in contour line
plots in 1B and 1C corresponding to different time in-
stants (indicated by circles in 1A): the first is after the
last stimulation, when the last traveling front is broken
by the inhomogeneity which is still refractory, unlike the
normal tissue; in the second time instant, the potential
starts to curl; in the third, the spiral is formed (actually,
two spirals, symmetrical with respect to the X axis); the
last time instant is at the beginning of the second turn
of the spiral. In the case of a rigid tissue, the spiral
extinguishes after the first turn. The extinction of the
spirals after a single turn was also observed in the case
of small inhomogeneity, for contraction ratio β = 0.1
and Gs ≤ 0.1, for β = 0.15 and Gs ≤ 0.05, and for
β = 0.2 and Gs ≤ 0.05. On the contrary, in the case of
the deformable tissue with a large circular inhomogeneity
shown in 1C, periodic spirals develop.
Figure 2 shows the onset of spirals of action potential
on tissues with different inhomogeneities, but with con-
stant simulation parameters. Contour lines are shown
for the potential at time sample number 200. The prop-
agating front is broken by the refractory inhomogeneous
tissue and the spirals start their dynamics, which extin-
guishes for the inhomogeneity considered in 2A, whereas
it is periodic for the other two inhomogeneities which
determine a larger break in the traveling front.
Figure 3 shows different variables (potential, recovery
variable, SAC and component xx of the Cauchy-Green
stress tensor) computed in the center of the small cir-
cular inhomogeneity in cases in which the broken wave
is converted into a spiral or it extinguishes after a sin-
gle turn. The considered time interval allows to see the
potential for the first and the second turn of the spiral.
When the tissue is rigid, or it is deformable but with
a low conductivity Gs of the SAC, the second re-entrant
wave is under threshold and extinguishes. When the SAC
is sufficiently high (as shown in 3C), the stimulation is
sufficient to excite the tissue, even if it is still relatively
refractory.
Figure 4 shows an example of processing of simulated
data. The isocline of constant membrane voltage (equal
to 0.15) and the line where the time derivative of the po-
tential vanishes are indicated in 4A, 4B and 4C. Their
intersection is the identified tip of the spiral, indicated
with a circle in 4A, 4B and 4C. The points belonging to
a wavefront or a waveback are also depicted in 4A and
4B, together with the flow of the potential in a portion
of tissue around the tip of the spiral. To estimate the
flow of the potential, a multi-image generalization of the
Lucas-Kanede technique18 was applied, using 20 images
close in time to the considered one, which is for T = 290
and T = 300, in 4A and 4B, respectively. The trajectory
of the tip of the spiral in the upper semi-plane is shown
in 4C, together with the boundary of the inhomogene-
ity and the potential isoclines at the onset of the spiral.
The tip of the spiral is initially out of the inhomogeneity.
Then, it moves toward the inhomogeneity, it enters and
then rotates within it, describing an ellipse with largest
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axis along the fiber. Centers and area of the cores de-
scribed by the tip of the spirals for each turn are shown
in 4D1 and 4D2, respectively. Again, the trajectory of
the tip is shown to enter the inhomogeneity, where it ro-
tates around a center which stays close to the middle of
the heterogeneity (Figure 4D1). The area of the cores
converges to an approximately constant value, after the
first turns in which the tip is drifting (Figure 4D2).
Figure 5 shows the spiral dynamics in a specific case
in which the spirals move out of the inhomogeneous re-
gion and drift away till reaching the upper/lower border
of the domain. There, the two spirals interact, due to
the periodic boundary conditions, and annihilation oc-
curs. The extinction of the spirals is related to a high
value of Gs, somehow in contrast (even if the phenom-
ena are very different) to what shown in Figure 3, where
an increasing SAC appears to have a stabilizing effect on
spiral formation. The overall indication is that interme-
diate values of Gs are related to stable spiral dynamics.
The potential is shown in 5A in four time instants: in
the first, the traveling front is just broken; in the second
and third, the spiral is developed, its tip is out of the in-
homogeneity and is drifting; in the last time instant, the
spirals disappear and a traveling wave is formed. The
estimated trajectories of the tips of the two symmetric
spiral waves are shown in 5B, where it is clear that the
tips, after the development of the spirals, are not able to
remain within the inhomogeneity and then drift toward
a boundary of the domain. In Figure 5C, the component
of the Cauchy-Green stress tensor along the direction of
the fibers, in the center of the inhomogeneity is shown.
After the first periodic traveling waves induced by the
stimulation pulses (corresponding to periodic stretch and
shortening), the spirals are generated, which determine
an aperiodic strain in the center of the inhomogeneity.
Then, a periodic traveling wave develops (as shown in
5A, last considered time instant) and the strain of the
tissue becomes periodic.
Figure 6 shows mean and standard errors of the vari-
ables extracted from the simulated spirals considering
different inhomogeneities. Statistically significant differ-
ences are indicated. The differences are almost always
highly significant. Specifically, the smallest circular in-
homogeneity is associated always to statistically shorter
trajectories of the tip of the spirals with respect to the
other simulated inhomogeneities. This is also associated
to a smaller core and a shorter trajectory of the cores.
Indeed, a stable spiral rotates with the tip anchored in-
side the inhomogeneity, so that its trajectory is forced to
develop within a smaller region in the case of the small-
est inhomogeneity simulated. As a consequence, the fre-
quency of the spiral rotation is higher for the smallest
inhomogeneity (note that, for example, a frequency of
0.036 corresponds to about 2.8 Hz or 168 pulses per min-
utes in dimensional units). Sometimes, the time needed
for the potential to re-enter a point is so small that the
potential extinguishes (as shown in Figures 1B and 3).
Also the wavefronts and wavebacks are shorter for the
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FIG. 5. Spiral dynamics in the case of elliptic inhomogeneity,
with contraction ratio β = 0.3 and conductivity of the SAC
Gs = 0.2. A) Potential in different time instants represented
in contour plots. B) Trajectories of the tips of two symmet-
ric spiral waves. C) The component along the X axis of the
Cauchy-Green stress tensor in the center of the inhomogene-
ity.
smallest inhomogeneity.
Figure 7 shows mean and standard errors of the same
variables as in Figure 6, but considering different values
of conductivities of the SAC. In this case, only a few
groups are statistically different, and rarely the differ-
ences are highly significant. Nevertheless, some trends
are quite consistent: the frequency, the number of wave-
front or waveback pixels, the length of trajectory of the
tip or of the cores, the area and the axes of the inter-
polating ellipses (mainly the Y -axis, in relative terms)
increase for increasing conductivity of the SAC.
No significant differences are found when data are
grouped with respect to the contraction ratio β. Only
trends are obtained, resembling those shown in Figure 7
(not shown results).
IV. DISCUSSION
A. Elements of innovation with respect to the literature
Effects of electrical inhomogeneities23,33 and of me-
chanical deformation17,25 on spiral dynamics in the heart
are usually simulated separately in literature. In this pa-
per, the joint effect of electrical heterogeneity and me-
chanical deformation is studied.
A model of cardiac EMC is considered describing
the mechanical and electrical anisotropy induced by the
fibers (this detail is sometime neglected in literature).
From the mechanical viewpoint, the simulated tissue is
quasi–incompressible and the active strain hypothesis is
assumed, in contrast with much of the literature, where
an active stress is usually introduced.
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Periodic boundary conditions are adopted (which is a
choice rarely considered in the literature). When an ac-
tion potential is generated periodically by a pacemaker,
two waves propagate in opposite direction along the fibers
(as in Figure 1), they collide (due to periodicity of the
conditions) and annihilate, as if the tissue was a closed
surface (as the heart is). It is worth noticing that the
simulated tissue is not a torus, as in such a case cur-
vature effects should be considered. From the mechani-
cal point of view, periodic conditions also influence the
dynamics, as the contraction of a portion of the tissue
(e.g. induced by two traveling fronts propagating in op-
posite direction) distributes on the whole simulated car-
diac medium, without interacting with other surrounding
tissues (which would have properties which would affect
the results of the simulation).
The choice of periodic boundary conditions affects also
the dynamics of a spiral wave of action potential: as
it interacts with waves entering again the domain from
the boundary, it could be expected that the activation
pattern could be richer than in the case in which traveling
waves were allowed to exit the domain.
B. Formation of a spiral
The simulated local inhomogeneities are able to break
a traveling wave of potential and induce re-entrance. A
region with longer refractory period than the neighboring
cells is thought to have a key role in wave breaking9,26:
when a wave travels across a tissue with heterogeneous re-
fractory properties, a pattern of excitable and refractory
regions forms, that can break an incoming new activa-
tion wave. This broken wave may start curling from the
open edges as soon as the tissue with prolonged refrac-
tory period is again excitable, inducing a spiral from a
traveling pulse or contributing to the onset of turbulence
from spirals.
C. Discussion of results
The interplay between EMC, MEF and inhomogeneity
geometry determine the final equilibrium of the dynamics
of spirals induced by the inhomogeneity (under a specific
stimulation protocol). Specifically, contraction ratio and
stretch activated channels have an important role. In
the case of the smallest simulated inhomogeneity, a suffi-
ciently large conductivity of SACs is required to sustain
a periodic rotation of spirals, which otherwise extinguish
after the first rotation. The minimal value of conductiv-
ity required to get periodic rotations is lower for a larger
value of contraction ratio.
When stable rotations are obtained, they are anchored
to the inhomogeneity. This is in line with an experi-
mental study13, where local heterogeneity with slow con-
duction have been produced with a reversible process.
Stimulating the tissue with a high frequency (in order to
produce close propagating waves), spiral waves anchored
to the local inhomogeneity could be produced.
In the case of the elliptic inhomogeneity, the great-
est simulated contraction ratio and the largest value of
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conductivity of SACs induce the unbinding from the in-
homogeneity, a drift of the spirals toward the upper or
lower boundary and the annihilation of each spiral with
the other symmetrical wave after a few turns, determin-
ing their extinction (Figure 5). This large drift is pos-
sible only for a high value of conductivity of the SAC,
in line with other simulation studies25, where SAC was
indicated as the main factor driving spiral drift. A trav-
eling wave is finally generated after the extinction of the
spirals. It travels periodically due to the assumed bound-
ary conditions (this is in line with a previous simulation
study17, where spirals dynamics were studied assuming
periodic conditions).
When stable spirals are obtained, the specific parame-
ters chosen (contraction ratio and conductivity of SAC)
determine variations in spiral dynamics, as reflected by
statistically significant variations of variables (like the
trajectory of the tip of the spiral, or the geometry of the
cores described by the tip during rotations) considered
in the literature to describe spiral dynamics. In particu-
lar, the trajectory of the tip of the spiral lengthens and
the area of the cores increases as the conductivity of the
SAC increases. This could force the tip to exit from the
inhomogeneity and to drift away, as in the case shown in
Figure 5.
The conductivity Gs of the SACs is indicated by the
statistical analysis as the main factor affecting spiral dy-
namics, whereas the mere contraction has only a relative
marginal effect.
D. Limitations
The model considered is very simple, compared to the
physiological tissue. Main limitations are the followings:
• mechanical heterogeneity due to the ischemic
region36 is neglected (the approximation can be
good during the acute phase of ischemia);
• phenomenological description of excitation mech-
anism (which could be properly described by con-
sidering different ionic currents22; including the ion
Ca2+ would allow to represent more closely the on-
set of mechanical contraction, which is here repre-
sented by a simple phenomenological model linking
the contraction directly to the action potential);
• simple 2D geometry;
• only EMC is considered, neglecting other phenom-
ena, e.g. the interaction between cardiac walls and
blood.
E. Future works
The specific role of mechanics and excitation could be
further discussed, possibly in light of a longer simulated
time range, with different parameters (e.g. electrome-
chanical delay), or with more detailed models of the ionic
fluxes.
In literature, Dirichlet24,25, Neumann21, Robin3,
periodic17 boundary conditions are considered for the
mechanics while Neumann (insulated)25 or periodic
conditions17 are assumed for the electrical problem. The
effect of boundary conditions on wave dynamics should
be further investigated.
The use of multi-image optical flow techniques could be
further exploited to extract parameters from simulated
maps of action potential on two dimensional models of a
cardiac tissue.
F. Conclusion
EMC coupling and MEF provided by SAC have great
importance in spiral dynamics.
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